An additional contribution to the ion viscosity for a collisional plasma is evaluated and found to be the same order as other temperature gradient terms in the collisional perpendicular viscosity. The new contribution arises because of an explicitly collisional portion of the ion distribution function. The evaluation of the Pfirsch-Schlüter radial electric field in a collisional tokamak of arbitrary cross section is extended to retain the new contribution. In a spherical tokamak this new contribution must be retained in determining the radial electric field, while in a conventional tokamak it is small by 1/q 2 , where q is the safety factor.
Introduction
The gyroviscosity and perpendicular collisional viscosity in a strongly magnetized plasma are normally evaluated by using various moments of the kinetic equation [1, 2] . In doing so the gyrophase dependent portion of the ion distribution function that contains a term proportional to the product of gyroradius and the ion collision frequency is assumed negligible. However, we find that this explicitly collisional piece results in a collisional heat flux contribution to the gyroviscosity that is formally the same order as other temperature gradient terms in the collisional perpendicular viscosity. By evaluating the new explicitly collisional gyroviscous term we obtain the full expression for the viscosity for a collisional plasma for the first time. Interestingly, its retention simply replaces the lowest order (diamagnetic plus collisional parallel) heat flow terms in the gyroviscosity by the full heat flow including the classical collisional cross field heat flux.
In addition, the new term in the gyroviscosity allows us to complete the description of a collisional tokamak by evaluating its contribution to the radial electric field. Only for a spherical tokamak can this new term become significant.
Collisional Portion of the Gyrophase Dependent Ion Distribution Function
In Ref. [2] , a € ν /Ω correction to the gyroviscosity that is formally the same order as the perpendicular viscosity, was not retained, where € ν and € Ω = eB/Mc are the ion-ion collision and gyro-frequencies. This collisional term was neglected in the ion distribution function f because it was only expected to contribute to the collisional ion heat flux that is most easily evaluated by a moment approach. If we order
ρ the ion gyroradius and L the perpendicular scale length, then the new term is an order € δ 3 correction to the isotropic pressure. To see how it arises in a collisional plasma we follow Ref. [2] by introducing the shifted velocity variable € r w = r v − r V and employing ion momentum conservation to obtain the following form of the kinetic equation:
where M,
are the ion mass, density, pressure, and mean velocity; C and € C ei are the ion-ion and ion-electron collision operators; and
where € t I is the unit dyad. Expanding order by order in € δ by writing
.., we find as usual that
and
where
are the generalized Laguerre polynomials with
, and here € r q is only the lowest order ion heat flux
The new term arises in next order from the solution of
where € ˜ f 1 is the gyrophase dependent portion of
f 0 , and € C 1 is the linearized ionion collision operator. Only the
does not vanish when operated on by € C 1 . Then, using the result from Appendix C of [3] gives the explicitly collisional portion of the order € δ 2 solution not retained elsewhere [2, 4] to be the gyrophase dependent piece
with
∫ the error function and E'(x) its derivative. When used in the moment description to evaluate the viscosity this term leads to the new contribution ignored in all previous work.
New Explicitly Collisional Contribution to the Gyroviscosity
Retaining the explicitly collisional and gyrophase dependent contribution from Eq. (5) the full ion viscosity becomes 
Notice that (9) give the usual gyroviscosity [2, 4, 5] as the solution of 
where € r q c is the usual classical perpendicular ion heat flux
The solution to Eq. (8) for
which is of the same form as the gyroviscosity. As a result, we can add € t π g and € t π c together to get the compact form
where € r q is the total ion heat flux
Consequently, the generalized gyroviscosity
c is most conveniently viewed as having an explicitly collisional modification. Earlier results [2, 4, 5] appear to be of the same form; however, only the diamagnetic and parallel heat fluxes [the first two terms of Eq. (15), respectively] were retained. It is important to realize that the full expression for the gyroviscosity cannot be obtained from standard drift kinetics [6] , but rather must be obtained by extending drift kinetics to retain all order € δ 2 corrections [7] .
Collisional Perpendicular Viscosity
The full expressions for the collisional perpendicular viscosity [2] , but in a streamlined form they may be written as
In Eqs. 
Radial Electric Field in a Tokamak
To determine the Pfirsch-Schlüter radial electric field in a collisional tokamak of arbitrary cross section the radial flux of toroidal angular momentum 
where R 2 B 2 -I 2 = (RBp) 2 with Bp the poloidal magnetic field.
If the preceding new term is combined with the results given by Catto and Simakov [8] the complete expresion for the radial flux of toroidal angular momentum becomes
where the radial electric field or electrostatic potential € Φ in the steady state in the absence of sources or sinks is found from € 〈R 2 ∇ζ ⋅ t π ⋅ ∇ψ〉 = 0. In effect the new collisional term leads to the replacement
⋅ ∇ψ〉 is the same order as other € dT/dψ terms in € 〈R 2 ∇ζ ⋅ t π ⊥ ⋅ ∇ψ〉 for comparable perpendicular and parallel scale lengths, as might be the case in a collisional spherical tokamak. It leads to € dT/dψ terms that are 1/q 2 smaller than the neoclassical terms from € 〈R 2 ∇ζ ⋅ t π g ⋅ ∇ψ〉, and these new terms are negligible for a large aspect ratio tokamak or when perpendicular scale lengths are small compared to the major radius. Here q is the usual tokamak safety factor. To see this in detail recall that the Pfirsch-Schlüter radial heat flux € r q ps is given by € r q ps ⋅∇ψ = −(8I 2 pν /5MΩ 2 )(1− B 2 /〈B 2 〉)dT /dψ .
(22) As a result, we obtain the usual result [9] [10] [11] € r q ps ⋅∇ψ r q c ⋅∇ψ~(
We also remark that to obtain the correct expression for € 〈R 2 ∇ζ ⋅ t π g ⋅ ∇ψ〉 the full expression for the gyroviscosity is required. Standard drift kinetics [6] ignores diamagnetic particle and heat flow terms in the gyroviscosity [7] . These contributions become comparable to those from the parallel flow terms because, for example,
For a collisional or Pfirsch-Schlüter short mean free path ordering in which the plasma flow is sub-sonic [2] , we find that there are two interesting limiting cases [8] , since all the terms in the gyroviscosity always turn out to be proportional to € dT/dψ. The first is the simpler case of an extremely up-down asymmetric tokamak (for example, just inside the separatrix of a strongly single null divertor configuration) for which the lowest order gyroviscous contribution does not vanish and must be balanced by the leading order collisional viscous effect to determine the radial electric field. The second case is the more complicated case of an up-down symmetric tokamak for which the lowest order gyroviscosity vanishes and so it must be evaluated to higher order and balanced by the lowest order collisional viscosity to determine the radial electric field. In practice both contributions must be retained, and standard drift kinetics cannot be used to obtain the results [7, 8] . Neither result is altered by the new term evaluated here as long as q 2 >> 1 or if the perpendicular scale lengths are much smaller than the major radius. However, in a spherical tokamak where q ~ 1 must be allowed, Eq. (20) must be added to Eqs. (48) and (57) of Catto and Simakov [8] . In the absence of momentum sources and sinks, the full short mean free path result (including all Pfirsch-Schlüter effects) for the vanishing of the radial flux of toroidal angular momentum in a tokamak of arbitrary cross section,
where the only term containing the radial electric field is [8] after multiplying it by € (5Ω /B). As a final check, we remark that for an isothermal plasma all the terms on the right side of Eq. (24) vanish so that € ω is a constant. In this limit, the solution is consistent with the fact that in the absence of temperature variation a rigidly rotating Maxwellian,
is an exact steady state solution of the ion kinetic equation [3] as long as momentum exchange with the electrons remains weak. It may be written in terms of the energy and canonical angular momentum constants of the motion (32) The preceding observation holds regardless of collisionality regime and serves to highlight the importance of ion temperature variation.
Even though edge momentum relaxation is expected to be anomalous, the electric field in the relaxed or steady state need not be anomalous and may be determined at least in part by neoclassical considerations. The expressions presented here make it clear that the shear in the electric field and thereby the ion flow is set by the ion temperature profile. This shear and its effect on the ion flow is separate from the sheared axisymmetric zonal flow driven by turbulence. However, the neoclassical contribution to the axisymmetric radial electric field is not normally retained in fluid or kinetic codes.
Interestingly, these neoclassical contributions to the radial electric field and ion flow are sensitive to magnetic topology. If we assume that the plasma current is in the direction of increasing toroidal angle (the € ∇ζ direction) to make € ψ increase outward from the magnetic axis, then the sign of I depends on the toroidal magnetic field direction. As a result, the magnetic topology of a tokamak impacts the radial electric field and ion flow velocity through reversals in the direction of (i) the plasma current or B p , (ii) the toroidal magnetic field or I, or (iii) both; or (iv) by changing from lower single null to upper single null operation ( € r B ⋅∇ → − r B ⋅∇).
Conclusions
For a collisional plasma, the ion viscosity has been shown to be missing an explicitly collisional contribution from the gyroviscosity that is the same order as terms in collisional perpendicular viscosity. This contribution generalizes the standard definition of the gyroviscosity to include the full expression for the ion heat flow (that is, collisional perpendicular as well as diamagnetic and collisional parallel heat flows). The full expressions for these portions of the viscosity are summarized. This new contribution can influence the radial electric field in a tokamak, but does not alter Pfirsch-Schlüter terms since its contribution is the same order as the classical contribution. As a result, it only makes a significant contribution for a spherical tokamak, and is otherwise expected to be small. The full differential equation for the electric field in a tokamak of arbitrary cross section is presented for completeness.
In summary, we have demonstrated that there is an additional contribution to the radial angular momentum flux that arises from an explicitly collisional piece of the gyrophase dependent ion distribution function. The new contribution tends to be small, but is formally the same order as other temperature gradient terms in the perpendicular collisional viscosity and must be retained for spherical tokamaks.
